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Abstract. We establish several operator versions of the classical Aczel in- 
equality. One of operator versions deals with the weighted operator geometric 
mean and another is related to the positive sesquilinear forms. Some applica- 
tions including the unital positive linear maps on C*-algebras and the unitarily 
invariant norms on matrices are presented. 



1. Introduction 

Let M(Jf?) denote the algebra of all bounded linear operators acting on a com- 
plex Hilbert space (Jf?, (■, ■)) and / is the identity operator. In the case where 
dim J$? = n, we identify M(Jf?) with the full matrix algebra M n (C) of all n x n 
matrices with entries in the complex field C. An operator A £ M(J4?) is called 
positive (positive-semidefinite for matrices) if (A£,£) > holds for every £ e Jif 
and then we write A > 0. For A, B G B(H), we say A < B if B - A > 0. Let 
/ be a continuous real valued function defined on an interval J. The function 
/ is called operator decreasing if B < A implies f{A) < f(B) for all A, B with 
spectra in J. A function / is said to be operator concave on J if 

Xf(A) + (1 - X)f(B) < f(XA + (1 - \)B) 

for all A,B E B(Jf?) with spectra in J and all A 6 [0, 1]. 

By a C*-algebra we mean a closed *-subalgebra s# of M(J$?) for some Hilbert 
space Jif. Any finite dimensional C*-algebra is isometrically ^-isomorphic to a 
direct sum of finitely many full matrix algebras. A C*-algebra is called unital if 
it has an identity. A map taking the identity to identity is called unital. A map 
$ : srf — > 88 between C*-algebras is called positive if it takes positive operators 
to positive ones, in particular, a positive linear map from s# into C is called a 
positive linear functional. A map $ : srf — > SS is called 2-positive if the map 
$ 2 : Mi{sf) -> M 2 {3S) defined by $ 2 ([oij]) = [ $ (^i)] is positive, where M 2 ( 
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is the C*-algebra all 2 x 2 matrices with entries in gf. An operator A is called 
a contraction if \\A\\ < 1. We refer the reader to [11] for undefined notions on 
operator theory and to [8] for more information on operator inequalities. 

In 1956, Aczel [3] proved that if a,i,bi (1 < i < n) are positive real numbers 
such that a\ - J2™= 2 a 2 > or b\ - YTi=2 b 1 > °> then 

i=2 J \ i=2 / \ i=2 

The Aczel inequality has some applications in mathematical analysis and in 
the theory of functional equations in non-Euclidean geometry During the last 
decades several interesting generalization of this significant inequality were ob- 
tained. Popoviciu [12] extended Aczel's inequality by showing that 

n \ P / n \ / n 

i=2 J \ i=2 / \ i=2 

if p > 1 and — ^^=2 of > or &^ — ^T=2 ^ > ^- Aczel's inequality and Popovi- 
ciu's inequality was sharpened by Wu [15], see also [11]. A variant of Aczel's 
inequality in inner product spaces was given by Dragomir [5] by establishing that 
if a, b are real numbers and x, y are vectors of an inner product space such that 
a 2 - \\x\\ 2 > or b 2 - \\y\\ 2 > 0, then (a 2 - ||x|| 2 )(6 2 - \\y\\ 2 ) < (ab - Re(x, y)) 2 , 
see also [6]. Cho, Matic and Pecaric [1] generalized Aczel's inequality for linear 
isotonic functionals and convex functions. Several Aczel type inequalities involv- 
ing norms in Banach spaces were presented by Mercer [9]. Also, Sun [13] gave an 
Aczel-Chebyshev type inequality for positive linear functionals. To find operator 
versions of Hua's inequality (see [10]), Fujii [7, Theorem 3] obtained an Aczel op- 
erator inequality by showing that if $ : srf —> SS is a contractive 2-positive unital 
linear map between unital C*-algebras, A, B € stf are contraction and §(B*A) is 
normal with the polar decomposition &(B*A) = U\$(B*A)\, then 

|1 - $(B*A)\ > (1 - <$>(A*A))p*(l - <&{B*B))U . 

In this paper we establish several operator versions of the classical Aczel inequal- 
ity. One of operator versions deals with the weighted operator geometric mean 
A$ t B := A l / 2 (A~ l / 2 BA~ 1 / 2 ) t A 1 / 2 (t E [0, 1]) and another is related to the positive 
sesquilinear forms. Some applications including the unital positive linear maps on 
C*-algebras and the unitarily invariant norms on matrices are presented. Recall 
that a unitarily invariant norm 1 1 1 • 1 1 1 has the property 1 1 |?7JfV| 1 1 = 1 1 \X\ \ |, where 
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U and V are unitaries and X G M n (C). For more information on the theory of 
the unitarily invariant norms the reader is referred to [1]. 

2. Operator Aczel inequality via geometric mean 

We start this section with a lemma about a parameterized operator power mean 
m t satisfying Am t B < (l — t)A+tB for any two positive invertible operators A, B. 
The power means A^ t B := A l / 2 {l-t+t{A~ l / 2 BA~ l / 2 ) r ) 1 / r A 1 ' 2 (r G [-1, 1]\{0}) 
and A$ 0tt B := A% t B (t G [0,1]) are such parameterized operator power means. 
Clearly if AB = BA, then A% t B = A^B 1 - see [8, Chapter V]. 

Lemma 2.1. Suppose that m t is a parameterized operator power mean not greater 
than the weighted arithmetic mean. If J is an interval of (0, oo) and f : J — > 
(0, oo) is operator decreasing and operator concave on J and A, B G M(J$?) are 
positive invertible operators with spectra contained in J, then 

f(Am t B) > f{A)m t f{B) (2.1) 

Proof. It follows from Am t B < (1 - i)A + tB that 

f(Am t B) > f(l — t)A + tB) (since / is operator decreasing) 

> (1 — t)f(A) + tf(B) (since / is operator concave) (2.2) 

> f(A)m t f(B) (by the property of m t ) . 

□ 

Theorem 2.2. Let J be an interval of (0,oo), let f : J — >• (0, oo) be operator 
decreasing and operator concave on J, i + - = 1, p, q > 1 and let A, B G M(Ji?) 
be positive invertible operators with spectra contained in J. Then 

f(A% /q Bi) > f(Anh/J(B q ) (2.3) 

(f(A^ 1/q B^,0 > (f(A^,0Hfm^0" ■ (2-4) 
for any vector £ G Jif. 

Proof. Lemma 2.1 yields inequality (2.4). 

Let £ G J$? be an arbitrary vector. It follows from (2.2) that 

(f(An 1/q B«)Z,Z) > i(/(^)£,£) + I(/(S%£) 

p q 

> (/(^^)»{/(B%0« 

(weighted arithmetic-geometric mean inequality). 
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□ 

Remark 2.3. The Holder-McCarthy inequality asserts that if C G M(J$?) is a 
positive operator, then (C r £,£) < (C£,£) r for all < r < 1 and all unit vectors 
£ G J^f] cf. [8, Theorem 1.4]. It follows from (2.4) that 

Thus 

\\f(A^ 1/q B^\\ > \\f{Ar)*Z\\ \\f(B^Z\\ . 

Corollary 2.4. Let - + - = 1, p, q > 1 and A,BE M(J4?) be commuting positive 
invertible operators with spectra contained in (0, 1). Then 

1 - ||AB£|| 2 > ((1 - \\A p / 2 Z\\ 2 y (1 - \\B q/2 \\ 2 Y q ■ 
for any unit vector £ G . 



Proof. Apply Theorem 2.2 to the function f(t) — 1 — t on (0, 1) and note that 
Ani/ q B* = AB. □ 

Corollary 2.5. Let J be an interval of (0, oo), let f : J — > (0,oo) be operator 
decreasing and operator concave on J and A, B G M(J^f) be positive invertible 
commuting operators with spectra contained in J. Then 

f(AB)>(f(A*>)) 1/p (fm) 1/q ■ 

Corollary 2.6. If f is a decreasing concave function on an interval J and 
a>i,h (1 < i < n) are positive numbers in J, then 

n / n \ 1 /P/n 

i=l \i=l J \i=l 

Apply (2.4) to the positive operators A(x±,--- ,x n ) = (a±xi,-- - ,a n x n ) and 
B(x\, ■ ■ ■ , x n ) = (biX\, • ■ ■ , b n x n ) acting on the Hilbert space ^ = C n and ^ = 

(l,V-- ,1). 

3. Aczel's inequality via positive linear functionals 

In this section we present a new version of Aczel's inequality through positive 
linear functionals. The first result is a generalization of the main result of [5]. 
The proof differs from that the main result of [5]. It is an Aczel type inequality 
for sesquilinear forms. 
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Theorem 3.1. Let </>(., .) be a positive sesquilinear form on a linear space , 
let x, y G S£ such that <p(x, x) < M\ or <p(y, y) < M 2 for some positive numbers 
Mi, M 2 and let L : C — > IR be a function fulfilling L(z) < \z\ for all z G C Then 

(M 1 M 2 - L(4>(x, y))) 2 > {Ml - <f>(x, x)) [M\ - y)) . 

Proof. We may assume that both (p(x,x) < Ml and (j)(y,y) < M 2 hold. Then 
the Cauchy-Schwarz inequality implies that \(p(x,y)\ < M\M 2 . We have 

{M X M 2 - L^x.y))) 2 > (M 1 M 2 - \cf>(x,y)\) 2 

> (^MiM 2 — a/ <p(x, x)<p(y, y)j (Cauchy-Schwarz inequality) 



4>{x,x) + (f)(y,y) 



2 



> I M\M 2 - — (arithmetic-geometric mean ineq.) 



> 



M* + Mi-<j>(x,x)-<t>{y,y) 



2 



2 

> [M 2 — (p(x, x)) (M| — (j)(y, y)) (arithmetic-geometric mean ineq.) 

as desired. □ 

The next result is a consequence of Theorem 3.1, but we present a different 
proof for it. 

Theorem 3.2. Suppose that $ : — >■ SS is a unital positive linear map between 
unital C* -algebras of operators acting on a Hilbert space Jif, A, B G srf such that 
&(A*A) or §(B*B) is a contraction. Then 

(1 - mB*A)£,0) 2 > (1 - (HA*A%i))(l - (®(B*B%0) 
for all unit vectors £ G J%?. 

Proof. Without loss of generality, assume that §(A*A) is a contraction. Let 
£ G Jt? be a unit vector. Hence (^(A*A)C,, £) < 1. Let us consider the quadratic 
polynomial 

P(t) = (1 - ($(AM)f , 0)t 2 ~ 2(1 - ($(£M)£, 0)t + (1 - (*(B*B)Z, 0) , 

where t G R. It follows from the Cauchy-Schwarz inequality applied to the 
sesquilinear form (A, B) = ($(£?*A)£,£) that 



p(i) = -<$(am)£, o + 2($(bm)(, o - o < 
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Clearly, lim^oo P(t) = oo. Hence the equation P(t) = has a root in M. Thus 

(1 - ($(BM)f, 0) 2 - (1 - £)) (1 - 0) > 

as desired. □ 
The next result is immediately deduced from Theorem 3.1. 

Corollary 3.3. Let ip be a positive linear functional on a C* -algebra srf , let 
A, B G =2/ such that ip(A*A) < M\ or ip(B*B) < M| for some positive numbers 
Mi, M2 and let L : C — > R be a function fulfilling L(z) < \z\ for all z G C. Then 

{M X M 2 - L(iP{B*A))) 2 > {Ml - ip(A*A)) (M| - ip(B*B)) . (3.1) 

Corollary 3.4 (Aczel's Inequality). If a,i,bi (1 < i < n) are positive numbers 
such that YH=2 a 1 <]- or J2i=2 ° 2 < ^> ^ 



en 



^2 aibi 



> 



8=1 



i=l 



Apply Corollary 3.3 to the n x n matrices A 



i=l 



and B 







positive linear functional tr(-) on M„(C) and L(z) = \z\. 



If we assume that A and B are normal contractions of a unital C*-algebra 
AB = BA and consider the positive sesquilinear form 4>(C, D) = ip(D*C) (C, D G 
&/), where ip is a pure state (or, equivalently, a non-zero complex homomorphism) 
on the commutative C*-algebra generated by three elements A, B and the identity 
/ of then we get from (3.1) that 

(1 - Re(ij(B*A))) 2 > (1 - t/j(A*A)) (l - ^(B*B)) , 

in which Re denotes the real part. Hence 

if>(l - Re(B*A)) 2 > if;((l - A*A)(1 - B*B)) , 

whence 

(1 - Re{B*A)) 2 > (1 - A*A)(1 - B*B) . 
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The same assertion is valid with the imaginary part Im instead of Re. We proved 
therefore the following result. 

Corollary 3.5. Let A, B be commuting normal contractions of a unital C*- 
algebra si ' . Then 

(1 - Re(B*A)) 2 > (1 - A*A)(1 - B*B) 

and 

(1 - Im{B*A)) 2 > (1 - A*A){1 - B*B) . 

Corollary 3.6. Let if) be a positive linear functional on M n (C), let A, B e M n (C) 
such that if)(A) < M\ or ip(B) < M 2 for some positive numbers Mi, M 2 . Then 

(MiM 2 - *P(A%B))) 2 > {Ml - ifj(A)) {Ml - ^(B)) . 

Proof. We may assume that ip{A) < M\ and ip(B) < M|. The positive linear 
functional ip on M n (C) can be characterized by ij){C) = (CZ, Z), where Z > and 
(•, •) denotes the canonical inner product on M n (C) defined by (X, Y) = tr(Y*X). 
It follows from (3.1) with L(z) = \z\ and elements A 1 ' 2 and (A~ 1/2 BA~ 1/2 ) 1/2 A 1/2 
that 

{MiM 2 - ({A-WBA-WyPAWZ^WZ)) 2 

> {M 2 - ((A- 1 / 2 BA-V 2 y/ 2 A 1 / 2 Z,(A-V 2 BA- 1 / 2 y/ 2 A 1 / 2 Z)) 

x{M 2 -(A l ' 2 Z,A l l 2 Z)) , 

or equivalently 

{MiM 2 - {A 1 / 2 {A- 1 / 2 BA- 1 / 2 y/ 2 A 1 / 2 Z, Z)) 2 

> {M 2 - (A x l 2 {A- x l 2 BA- x l 2 yi 2 {A- x l 2 BA- x l 2 yi 2 A x l 2 Z,Z)) 

x (Mf - {A 1/2 A l / 2 Z, Z)) , 

whence 

{MiM 2 - ip(A$B))) 2 > {Ml - ifj(A)) {M 2 2 - ^(B)) . 

Note that < ip(A$B) = \ip(A$B)\. □ 

Finally, we present an Aczel type inequality involving unitarily invariant norms. 
Note that 

|pXB||| < \\A\\ \\\X\\\ \\B\\ (3.2) 
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for all X, A, B. The arithmetic-geometric mean inequality states that 

|p*XB||| < -\\\AA*X + XBB*\\\ . (3.3) 

Proposition 3.7. Let ||| ■ ||| be a unitarily invariant norm on M n (C) and let 
X,A,B e MJC) such that II All 2 1 1 \X\ 1 1 < 1 or \\B\\ 2 1 1 \X\ 1 1 < 1. Then 



'l - \\\a*xb\\\) 2 xi- iuii 2 inxiinfi- iifiii 2 inx 



Proof. 



(1 - III^XSHI) 2 > ^1- ^ \\\AA*X + XBB*\ (by (3.3)) 

(1-\\\AA*X\\\) + (1-\\\XBB*\\\) . . , T 

> - l[W v - — (triangle Ineq.) 

> (1 — — (arithmetic-geometric mean ineq.) 
>(1-Il^ll 2 |||^lll)(l-I|5|| 2 |||^lll) (by (3.2)). 



□ 
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